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Abstract--Kapteyn series axe introduced for generaliq.ed Bessel functions in full analogy with or- 
dinary Bessel functions. Apart from the relevance that Kapteyn series have in astronomical problems 
and in electromagnetic radiation theory, interest in this type of series is justified by the possibility 
of expanding analytic functions of a complex variable in series of Bessel functions with specific fea- 
tures. Accordingly, in this paper, it is shown that it is possible to obtain expansions ofm-vaxiable 
analytic functions in series of GBF's, which reproduce the structure of Kapteyn series of ordinary 
Bessel functions. The possible field of applications is also suggested. 
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1. INTRODUCTION 
Special functions of mathematical physics are strongly linked to series expansions of analytic 
functions of real or complex variables. The general terms of the series are given by special 
functions or by related functions. These expansions are, to some extent, analogous to the well- 
known expansions of an analytic function in Taylor series. 
In particular, within the context of the theory of Bessel functions, Neumann and Kapteyn 
series [1] have been the object of a deep investigation, stimulated by the relevance that the above- 
quoted series have in specific physical problems. It is well known indeed that Bessel functions, first 
introduced in mathematical physics by Bernoulli n his 1738 memoir, containing enunciations of
theorems on the oscillations of heavy chains, have a very wide field of applications, from abstract 
number theory and theoretical astronomy to concrete problems of physics and engineering [1]. 
Theory of classical special functions is rather well settled [2,3]. Recursion relations, addition 
theorems, integral representations, generating functions, asymptotic formulae, and differential 
equations are collected in an organic body, which is, however, continuously refined and enriched 
by new investigations and new theoretical approaches [4]. Accordingly, new theoretical formula- 
tions are proposed, allowing one to derive new results and provide rational classification of old 
results as well. Correspondingly, new classes of functions are introduced, as suggested by specific 
physical problems. In this connection, the possibility of "generalizing" the well-known functions 
of mathematical physics to more than one variable and/or more than one index has been investi- 
gated, the generalization amounting to introducing functions with properties analogous to those 
of the one-variable one-index counterparts. 
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Multivariable Bessel functions, for instance, originally introduced by Appell [5] in connection 
with the problem of the elliptic motion of planets [6], have revealed a wealth of possible applica- 
tions to physical and purely mathematical problems, such as the scattering of laser radiation by 
free or weakly bound electrons [7], the emission of e.m. radiation by relativistic electrons passing 
through magnetic undulators [8,9], as well as problems related to the queuing theory [10]. 
Although the generalization ofordinary Bessel functions to functions depending on more vari- 
ables and/or characterized by more indices is not unique, the resulting functions, generally re- 
ported as generalized Bessel functions (GBF's), exhibit properties analogous to those of one- 
variable one-index Bessel functions, but with a more elaborate structure [8,9]. A large part of 
the theorems holding for Bessel functions can be generalized, indeed, to GBF's; particular forms 
of the Neumann series, for instance, as those involved in the addition theorem and the Graf 
theorem, have been proved for GBF's as well. 
The present paper is aimed at investigating the possibility of generalizing Kapteyn series to 
GBF's. Accordingly, in Section 2 the definition of Kapteyn series is reviewed, and the application 
of specific forms of this series within the context of Kepler's problem is also briefly discussed. 
In particular, the solution to the equation linking the true anomaly to the eccentric anomaly, 
appearing in the description of the elliptic motion under inverse square law, is derived. Section 3 
is devoted to introducing Kapteyn series for GBF's, the starting point being just the generalized 
form of the above-quoted quation. 
Finally, a brief discussion of the relevance that Kapteyn series involving GBF's may have in 
connection with astronomical problems, as well as problems of scattering of intense laser radiation 
by electrons, is provided in Section 4. 
2. KAPTEYN SERIES FOR BESSEL FUNCTIONS 
Kapteyn series are defined by the general form 
oo  
anJv+n{(v + n)z}, (1) 
where J~, is the Bessel functions of the first kind, z being in general a complex variable, and v 
and the coefficients an do not depend on z. 
Series of the type (1) have been systematically investigated, as functions of the complex vari- 
able z, by Kapteyn [11], who in an important memoir published in 1893 examined the possibility 
of expanding an arbitrary analytic function into a series of the type (1) in full analogy with the 
theory of Neumann series. 
Kapteyn series and related series frequently occur in problems concerning elliptic motion under 
inverse square law. They made, indeed, their first appearance in the solution of Kepler's problem. 
It is well known that the position of a particle moving in an ellipse under the action of a centre 
of force at the focus, attracting the particle according to the inverse square law, is completely 
determined by the coordinates r, 0, and ~o, reported in the terminology of astronomy as radius 
vector, true anomaly, and eccentric anomaly, respectively. Kepler's problem is that of expressing 
the coordinates r, ~, and ~o as functions of time t or according to Kepler's Second Law as functions 
of the mean anomaly ¢. The discussion of Kepler's problem is behind the purposes of the present 
paper; for a complete description of the topic the reader is referred to the specific textbooks [1,12]. 
Here, as illustrative xample of the possible applications of Kapteyn series, we consider the 
equation connecting ~0 and ¢, which writes 
¢ = ~ - x sin ~o, (2) 
where x in the specific context of elliptic motion we axe considering must be understood as the 
ellipse eccentricity. Accordingly, the variable x should range as 0 _< x _< 1. The solution to 
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equation (2), providing the explicit expression of ~o in terms of ¢, was first effected by Lagrange 
in an approximate form, since he calculated only the first terms in the expansion of ~o with respect 
to ¢. 
The more complete solution given by Bessel is based on the fact that ~o - ¢ is an odd periodic 
function of ~o and hence of ¢, with period 21r. 
Expanding, therefore, ~o - ¢ in a Fourier sine-series as 
DO 
¢p - ¢ = ~ Cn(x) sin he, (3) 
n----1 
an easy calculation allows one to specialize the formal expressions for the coefficients Cn(x): 
f0 r Cn(x) = _2 (~ - ¢) s innCd¢ (4) 
7r 
in the explicit form 
Cn ( x ) = 2_1_ [= d~o cos( n~o - nxsin~o) = 2jn(nx), 
n~r j o 
(s) 
according to the integral representation f the Bessel functions Jn [1]. The solution to equation (2) 
is written thereby as 
oo s inn¢_ .  , 
~(¢ ,x )=¢+2~ n J,~nx). (6) 
n~l  
Taking the derivative of ~o with respect o ¢ in both equations (2) and (6), we get the significant 
result: 
1 oo 
= 1 + 2 Z Jn(nx) cos he,  (7) 
I - -  X COS~O n----1 
with ~o = ¢ + x sin ~, which can be recast in the alternative form 




according to the symmetry properties of Bessel and cosine functions. Finally, changing x in -x  
and using the relations Jn(-x) = (-)nJn(x) = J-nix), we obtain the further expressions 
1 + xcos~o 
= 1 + 2 ~"~(-)nJn(nx) cosn¢ : 
n----1 
-~-oo 
(--)nJn(nX) cosn¢. (9) 
n oo  
In particular, with ~ = 0 and therefore ¢ = 0, expressions (7) and (9) specialize into 
oo +oo 
1 1+ 2 ; . ( .x )  J.C.x), (lOa) 
1- -x  n~l n OO 
1 ~ +~ 
I +--"~ ~- 1 + 2 Z( - )n Jn (nx)  -- Z (-)nJn(nz)' (lOb) 
n----I n f f i -oo  
thus providing the Kapteyn series for the functions I/(I - x) and I/(I + x) with Izl < I. In this 
connection, it is worth stressing that since the present discussion is based on equation (2), which 
is relevant to the astronomical problem of the elliptic motion, the variable z is real, ranging, 
as already remarked, in the interval 0 _< z _< 1. However, as proved by Kapteyn (see [1]), the 
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expansions (10) hold for complex values of the variable x, provided that it lies in the open domain 
in which I
i+  ivy_z2 < I. (11) 
Also, summing equations (7) and (9) and subtracting equation (9) ~om (7), we obtain the 
expressions 
1 
1 - x 2 cos 2 
xcos~ 
1-x  2 cos2~ 
oo +co 
= 1 +2~-~J2n(2nx)cos2n¢ = E J2n(2nx)cos2n¢ (12a) 
n=l  n=--oo 
oO 
= 2 ~ J2n-l[(2n - 1)x] cos(2n - 1)¢ 
n=l  
+co 
= Z J2n+l[(2n + 1)xlcos(2n - 1)¢, (12b) 
which for ~ = ¢ = 0 provide the Kapteyn series for the functions 1/(1 - x 2) and x/(1 - x 2) as 
1 oo 
- - =  1 - x 2 1 + 2 J2n(2nx), (13a) 
n=l  
oo 
x = 2 E Jzn-1[(2n - 1)x]. (13b) 
1 - x 2 
n=l  
Expressions (12) can be exploited to derive further expansions. Using, for instance, the possibility 
of expressing the product of two Bessel functions in the form of an integral according to [1] 
J~(z)J~,(z) = _2/=/2 J~+.(2zcos0) cos[(# - v)0] dO, 
7r j  0 
Re(v+p)>- I  (14) 
after some algebra, expressions (12) turn into the following expansions: 
-~oo oo 
1 = J (nx) = 1+ 2 J (nx), ( lsa) 
V/ ' I _  X 2 
n--.-~-- O0 n--.-~ 1
1 x x E 2 (15b) ~r ~ arc tg  ~ = J~ - l /2  n - x . 
n----1 
It is needless to say that further expressions can be obtained, appropriately exploiting the above 
expansions and the properties of Bessel functions. The interested reader is referred to [1] for a 
more complete discussion. 
3. KAPTEYN SERIES  FOR GENERAL IZED BESSEL  FUNCTIONS 
As already remarked, Bessel functions can be generalized in many forms displaying more vari- 
ables and/or more indices, the distinguishing feature being provided by the recurrence relations, 
which connect functions with different indices. 
l i t  is a general property of Kapteyn series (1) to be convergent and represent an analytic function throughout he 
domain where 
7 ~  < lim 1 
- - '~ Iv + nv~1' 
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In this paper, we refer to the functions Jn(P)(x), as discussed in [13], which account for general- 
ized forms given by other authors [6,7,10] as well. Accordingly, we consider the function J(P)(x), 
defined in the m-dimensional real vector space ~m, x being, indeed, an m-component real vec- 
tor: x - (x l , . . .  ,xm). In addition, J(P)(x) is characterized by the index n and the m integers 
P l , . . . ,  Pro, relatively prime numbers to each other, collected in the m-dimensional integer vector 
P ---- (P l , . . . , Pm) .  
As pointed out in [13], the function Jn(P)(x) can be explicitly represented by a series involving 
products of ordinary Bessel functions or by an integral giving J(P)(x) the meaning of Fourier 
coefficients in the expansion of a specific exponential function. Within the present context, it is 
more convenient to adopt the integral representation for J(P)(x), which is written 
J(P)(x) = ~ dCexp iZx j s inp j  ~ - in¢  
lr 5= 1 
= -- cos zj s inpj¢ - n¢ de, 
71" 
(16) 
where the summation entering the argument of complex-exponential or cosine function should be 
understood as vanishing only in a set of zero measure within the interval [-It, 7r]. 
Let us consider now the generalized form of equation (2) as 
m 
¢ = ~o - E xj sinpj~, (17) 
j----1 
whose solution gives ~o as a function of ¢, the real variables x = (X l , . . .  ,Xm)  and the integers 
P -- (P l , . . .  ,Pro) playing the role of parameters (see also [6], where the relevance of the above 
equation within the context of the elliptic motion of planets is stressed). 
It is apparent hat, as before, ~ - ¢ is a periodic odd function of ~o and hence of ¢, with 
period 2~r. Accordingly, it can be expanded as Fourier sine-series with respect o ~b as 
CO 
- ¢ = Z CP(x) sinn¢, (18) 
n----1 
where the coefficients CP(x) are given by the formal expression (4) which is easily specialized in 
terms of GBF's according to the integral representation (16). One gets, indeed, 
CP(x) : : J~P) (nX)  
n " " "' (19) 
which stands out as the obvious generalization of (5). The solution to equation (17) is written, 
therefore, in the form 
OO . 
~o(¢, x, p) = ¢ + 2 Z s lnn¢ J(P)(nx). (20) 
n=l  
Taking the derivative of ~a with respect to ¢ in both equations (17) and (20), we obtain the 
straightforward generalization to m variables of the expression (7), namely, 
1 - ~,j~=l pjxj cospj~ 
oo 
= 1 + 2 J.<")(nx) cos he ,  (21) 
w~ where ¢ = ~ - E j=I  Xj s inp~.  
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In the particular case where the integers (Pl,... ,Pro) specialize as pj = j, the above expression 
takes the simpler form, 
1 oo 
-.'- 1 "~ 2 ~ Jn(nXl,... ,nX, m)cos ?t~) (22) 
1 - ~-]~=1 jxj cos j~0 nffil 
discussed also in [6], with ¢ = ~o - ~-~jm__ I xj sin(j~o). The superscript p in the notation for GBF's 
has been dropped in (22) to share the notation of [6]. 
Putting ¢ = 0 or ¢ = It, which according to the expansion (18) amounts to putting ~o = 0 or 
~o = It, respectively, the expression (21) provides the following expansions in terms of Kapteyn 
series: 
1 
m 1 - ~-'~j=l pjxj 
1 
1 - 
which generalize the expansions (10). 
oo  
= 1 + 2 
n=l 
oo  




The series entering the above expressions can be regarded as the generalization of Kapteyn 
series to GBF's, which according to the scheme (1) can be defined as series of the type 
Oo 
aP Jn(P) (nx), (24) 
n~l  
where the coefficients a p are constants independent of the variables Xl,. . . ,  xm. 
It is worth stressing that in full analogy with the one-variable counterparts (10a) and (10b), 
which can be deduced from each other changing x into -x ,  the expansions (23a) and (23b) can 
be obtained from each other appropriately exploiting the symmetry properties of GBF's. 
According to the integral representation (16), it can be easily realized that the well-known 
symmetry property of ordinary Bessel functions: Jn(-x)  = (-)nJn(x) corresponds to the more 
involved symmetry property of GBF's: 
Jn (p) ({ ( - )P Jx J} j~ l  ..... m)  = ( - )nJn(P)(x l" '"  ,xm.), (25) 
which for pj = 6j,1 reproduces the symmetry of Jn. As a consequence, (23b) is deducible 
from (23a) by turning xj into (-)PJxj, j = 1,... ,m. 
Summing the expansions (23) to each other and subtracting from each other, we obtain 
I - (112) Ejm-l[1 "{- (-)PJ]xjpj  
(1 m 1 -- Ejffi l  ~JPJ)( -- ETffil(--)PJ:T'JpJ) 
(1/4) E j~I  [1 -- (--)P# ]xjpj 
(1  - E#"_-1   pj)(1 - 
OO 
= I + 2 
n----I 
OO 








r(P) [(2n -- 1)X], ~-- ~ u2n--I 
nffil 
(27b) 
x-,[m/2] 1 - ,. ~-.,j=1 jx,2j 
(1/2) ~"~L~+1)/2](2j -- 1)Z2j-1 
(1 -  ~,jmffiljzj) (1 -  ~'~j~l(-)Jjxj) 
with [~] denoting the greatest integer less than #. 
which generalize the expression (13) to the case of m variables. 
It is interesting to consider the case of [6], with pj -- j ,  which allows one to simplify expres- 
sions (26) to the following: 
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Finally, let us work out the Fourier expansion of the function e iq~, with q an arbitrary integer, 
with respect o ¢. Putting, indeed, 
-boo 
eiq~= Z bn(q)ein¢' (28) 
n~- -O0 
it is easy to obtain for the coefficients bn(q) the explicit expressions 
where the relation 
1 /_~ q r(p) /nx~ bn(q) = ~ eiq~e -in¢ de = ~an_qk  1, n ~t O, 
"it 
I f  ~ 1 ~ bo(q) = ~ e iq~ de = 6q,O - -~ Z xjpjtSpj,±q, 
~r j=l 
de m 
d-'~ = 1 - Zp jx j  cospj~ 




1 + ~ = 2 - - ,  (34) 
n 
n--1 
where J~(nx) = d j n, to the m-variable case. 
As noted in Section 2, in connection with elliptic motion along with equation (2), relating the 
eccentric anomaly ~o to the mean anomaly ¢, further elations are introduced involving the radius 
vector r and the true anomaly # to ¢. We have, indeed [12], 
p = 1 - x cos ~o, (35a) 
sin v~ = 1 - x cos ~0 sin ~o, (35b) 
where p denotes the ratio of r over the semi-major axis of the ellipse. 
which generalizes the expression [1] 
has been exploited. 
Then, we obtain for e iq~ the following expansion: 
eiq~ 1 m oo 1 
= ___  in~b (P) - inch  (P) 
j----1 n----I 
where the uninteresting case q = 0 has been excluded. The above expression allows one to obtain 
the further expansions: 
1 m ~-~1 
cosq~ ---- -2  Z xjpjdfp~,±q + 20 - cosn¢Onx, J(P)(nx), 
n 
j= l  n--1 
oo 
sin q~ = 2q Z sin nO Onx, Jn (p) (nX), (32) 
n 
r~----1 
where the recursion relation for GBF's involving the derivative with respect o the arguments 
has been used (see [131), the symbol Onxq denoting, indeed, the derivative with respect o nXq : 
o For dfj,1, (32) reproduces the well-known expressions for cosq~ and sinq~a, Onx, - b"(-d~'~" PJ = 
q an integer, in the case of equation (2) (see [1]). In particular, in the case of q = pj for some 
j 6 {1, . . . ,  m} putting q0 = 0 = ¢, the first of (33) provides the relation 
oo 
1 + - xq = 2qF_ " o  qJ p)(nx), (33) 
n=l  
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An immediate generalization of p to the m-variable case can be worked out in the form 
m 
p = 1 - Zx jp j  cospj~o, (36) 
j--1 
d_t which like (35a) is recognized as p = d~' 
obtained: 
1 m p~22Xj ~"~ 2 CO 
Z pjxj : 1 -{- ~ -- 2 J(P) (nx) ,  P 
j= l  j----1 n=l  
which for ¢ = 0 provides the relation (33). 
The series-expansion f 1/p is just given by (21), being, indeed, 
Accordingly, the following series-expansion is easily 
(37) 
1 1 
p = 1 - ~-,~'=I xjpj cospj~o" 
Taking the derivative of lip with respect o xj and evaluating the resulting expression for ~o = 
¢ = 0, we end up with the relation 
oo 
PJ = 2 Z nOnxJ J(p)(nx)' (38) 
(1 m 2 - ~=i  pkxk) , . : i  
which generalizes to the m-variable case the expression [1] 
1 
= 2 ~ nJ~(nx). (39) 
(1 - x) 2 .= I  
Further relations can be inferred taking the derivative 
get 
d2q 1 
~j=1 p#xj cosp#~ ~-0 2 d¢2q 1 - m - 
(--)q d 2q 1 O=Ir 
2 d~) 2q 1 - ~'~jm=lpjxjcospj~o 
In particular, with q -- 1 the above expressions provide 








(1/2) m 3 oo 
~=i  pjxj) = 1-  m 4 
OO 
(1 /2 )  = ' 
(1 - ~-'~ffil(-)p# pjx j )  4 nffil 
(41) 
which can be appropriately combined to obtain relations involving only odd- or even-index Bessel 
functions. As a final remark, let us stress the possibility of generalizing the second of (35) to the 
m-variable case, thus providing further relations involving series of generalized Bessel functions. 
4. CONCLUDING REMARKS 
The analysis developed in the previous section states the possibility of generalizing Kapteyn 
series defined for one-variable one-index Bessel functions to the multivariable generalized Bessel 
functions. 
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As already noted, Kapteyn series occur in astronomical problems of the elliptic motion of 
planets and in the e.m. radiation theory, as, for instance, in the problem of the emission of 
radiation by relativistic electrons acted by a strong e.m. field [14]. 
Generalized Bessel functions have been introduced just in connection with the problem of 
scattering of intense laser radiation by electrons, the dipole approximation being inadequate to 
account for the features of the scattering radiation [7]. Accordingly, Kapteyn series involving 
GBF's might find an interesting field of applications within that specific context. However, apart 
from the specific physical interest, Kapteyn series of the type (24) have a purely mathematical 
interest in connection with the possibility of expanding functions of m real variables in series, 
whose general term is just by GBF's J(P)(nx) or related functions. As a consequence, further 
properties of GBF's are given for future investigations. 
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